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Membrane transport equations with a time delay

A model for overshoot and oscillatory permeation
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Membrane transport equations with a time delay are proposed and their analytic solution is derived. This solution is found to exhibit

under certain conditions overshoot and oscillatory permeation.

1. Introduction

~ Cell membrane permeation in some cases dis-
plays the phenomenon of overshoot (see, for ex-
ample, refs. 1 and 2). Also, Ohara et al. {3] have
recently observed oscillatory permeation of drugs
into microcapsules with composite membranes.
Oscillation is an important and interesting phe-
nomenon observed in biological and chemical sys-
tems (see, e.g., ref.4). The purpose of the present
paper is to demonstrate that membrane transport
equations whose solution exhibits overshoot and
oscillatory permeation can be derived by introduc-
ing a time delay into the usual membrane trans-
port equations, The importance of the time delay
has been emphasized in various fields, such as
biology [5], ecology [6] and economics [7,8]. Since
various small particles (mitochondria, Golgi bod-
ies, microsomes, ribosomes, etc.) exist within the
interior of a cell, trapping or accumulation of
solutes inside the cell may occur during the per-
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meation process, which may cause a time delay. In
view of this factor, we introduce a time delay into
the solute concentration in the cell interior.

2. Membrane transport equations without time de-
lay

Under quasi-steady-state conditions, permea-
tion of diffusing solutes into cells through their
membranes has often been described by the fol-
lowing transport equations [9]:

Vo%f') - —Ja, )
v 3G9 L, @
with

J=P[C,(t) - C,(1)] (3)

where C (¢) and C;(¢) denote the respective solute
concentrations in the extracellular and intracellu-
lar regions at time z, J the solute flux flowing
from the outside into the inside of the cell, ¥, and
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V; the extracellular volume and total volume of
the intracellular region, respectively, 7 membrane
permeability and A4 the total area of the cell
surface.

The solution to eqs. 1 and 2 (with eq. 3),
subject to the initial conditions

C(0) =G, 4)
C:(0)=0, (5)
is given by

Co(1) =Coolpe™+1-9), (6)
(1) = Cop1 - $)(1— &™), %)
where

¢=V,/(V,+ V) ®)
is the cell volume fraction and
a=PA(1/V,+1/V,). (9)

Note that the following conservation relation holds
between C,(¢) and C(t):

V.G, (1) + ViCi(t) = V.C,,, (10)
or
(1-9)C,(1)+¢Ci(1)=(1-9)C,,, (11)

which implies that the membrane volume is small
so that the amount of solutes within the mem-
brane can be neglected.

The concentrations C,(t) and C,(t) given by
egs. 6 and 7 vary exponentially with time, tending
monotonically to their equilibrium value C,(c0) =
C;(0) = C,o(1 — ¢) as t — oo, 50 that they exhibit
neither overshoot nor oscillatory permeation.

3. Membrane transport equations with a time delay

Eq. 3 is based upon Fick’s first law that the
solute concentration difference induces the solute
flux, where the concentrations refer to those at the
same time instant. However, if there is a time
delay 7 required for solutes in the intracellular
region, C,(z) in the flux J (eq. 3) should be
replaced by C;(t — 1), viz,,

J=P[C,(1)-C.(1—7)]. (12)

Substituting eq. 12 into egs. 1 and 2 subject to the
initial conditions (egs. 4 and 5), and using the
conservation relation (eq. 11), we obtain the fol-
lowing equation for C (z):

dLng = ~as[C,(1) - Ci(1—7)]
= —a[eC,(1) + (1-9)C, (1 - )
—(1-¢)C,,E(z—7)], (13)
where E(t) is a step function defined by
50 - {3 120 a9

¢ and a having already been defined by eqs. 8
and 9. Eq. 13 can easily be integrated numerically.
In order to find an analytic solution to eq. 13, we
use the Laplace transform of C_(¢), viz.,

G- “e=rc, (1) d. (15)

We then obtain, from eq. 13,

pra(l—g)e™™ .
plo+ap+a(l —¢)e ] ™°

C.(p)=

=[1—“7?§(—1)"

p n=0

o,

Co> (16)
(p+a9)

which gives
C;(l)/(%p
—1- 3 (= 1=2)
- E(l)( ¢)

n=0

x[l_e-m,-",)( > {a¢(t—m)}’)]

r=0 r!
X E(t—nt), (17)

Once the expression for C,(¢) has been estab-
lished, C;(¢) is calculated via the conservation
relation (eq.11), viz.,

G/Com 52 1= C(0)/Cl. (1B)



H. Ohshima, T. Kondo / Membrane transport with time delay 305

Note that, since eq. 17 involves the step functions
E(t — n1), the summation in eq. 17 is carried out
over0<n<m (m=0,1,2 ...) for the time do-
main mes <t<(m+ 1)7. Expressions for ¢,(t)
over the time domains 0 <7<+~ and 7<t <27
are given below.

Co(t)/Co’o=exp(—a¢t), O<t<r, (19)
C(1)/Coo=(1-¢)/¢+exp(—adt) — (1-6)/¢
e 1 4 ag(r—1)],
r<t<2r, (20)

4, Results and discussion

We have obtained the solution (eqs. 17 and 18)
to the membrane transport equation with a time
delay T (eq. 13). On the basis of the fact that there
are a number of small particles (ribosomes, etc.)
within the cell, which are expected to trap or
accumulate the diffusing solutes within the cell
interior, we have introduced a time delay only into
the intracellular concentration C;(¢); therefore, in
our model, the inside and the outside of the cell
are not equivalent. When r— 0, eqs. 17 and 18
reduce to eqs. 6 and 7, showing neither overshoot
nor oscillatory behavior. In contrast, for large 7,
egs. 17 and 18 can exhibit both of phenomena.
Note that the equilibrium values of C,(¢) and
C;(t) are the same as those in the case of no time
delay, viz.,

Co(t)/CoD’

Some results are depicted in figs. 1-4, Figs. 1-3
display C,(¢)/C,, and C,(¢)/C,, plotted as func-
tions of the scaled time, atr, for a cell volume
fraction of ¢ =0.5, at three values of the scaled
delay time a7. Fig. 4 demonstrates the time course
of C,(t) for higher values of ar. One observes that
for small = there is neither overshoot nor oscilla-
tion whereas for large r overshoot does occur and
with further increase in » damped oscillation ap-
pears. Note that the overshoot given by eqs. 17
and 18 does not represent a pure example of this
phenomenon. Instead, the overshoot in our model
is such that the amplitude of oscillation is damped

Ci(1)/Coo521 - 0 (21)
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Fig. 1. Solute concentrations in the extracellular region, C,(t)

( ), and intracellular region, C;(#) (------ ), plotted vs.

dimensionless time ar for ¢ =0.5 and a7v=0.2. C,(1)/C,y

and Ci(1)/C,, vary exponentially, tending to their equi-
librium value 1— ¢.

so rapidly that all extrema, except for the first
minimum, are negligible and, therefore, that the
oscillation is in practice observed as overshoot.
The reason why introduction of the time delay
T causes overshoot and oscillatory permeation can
be explained as follows. During the time interval
between ¢ =0 and ¢ = r, only inward permeation,
i.e., solute accumulation in the intracellular re-
gion, occurs following C () = C, , exp(— aét) (eq.
19) and G(1) = {(1 — $)/6)Cyo(1 — exp(— a?)).
At the time instant ¢ =7, in addition to inward
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Fig. 2. Same as fig. 1, except for ar=08. C,(¢) and C,(t)
show overshoot.
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Fig. 3. Same as fig. 1, except for ar=1.5. C,(t) and C;(¢t)
show oscillation.

permeation, outward permeation commences, i.e.,
solutes begin to diffuse out of the intracellular
area into the extracellular region. Therefore, if 7 is
sufficiently large, the amount of solutes accu-
mulated in the intracellular region between =0
and =1 may exceed the equilibrium value (1
—9)C,o, tesulting in overshoot or oscillation
around the equilibrium value.

Introduction of the time delay in some cases
may cause an instability in the process of oscilla-
tory permeation, as discussed below. Let ¢, and ¢
represent the respective time instants at which

Colt)/Coy0
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Fig. 4. Solute concentration C, () in the extracellular solution

as a function of scaled time af at ¢ = 0.5 for several values of

ar. Curves: 1, ar=2;2, a1=3; 3, ar=5: 4, ar=10. Dotted
lines represent the approximate results (eq. 34).

C,(t) passes through the equilibrium level for the
first time and which C (7) has its first minimum.
For ¢ z 0.5, the decrease in C,(¢) during the time
interval between ¢t=1¢, and ¢t =1t can never ex-
ceed the decrease between 1=0 and r=1¢, (ie,
Coo — (1 — 9)C, o =9C, ). In this case, the oscilla-
tion is stable; in other words, the amplitude of the
oscillation decreases with time (convergent oscilla-
tion). For ¢ < 0.5, however, the decrease in C,(¢)
between z=1t, and t=1t, may be greater than
that between t =0 and ¢ =1, if 7 is very large. In
this situation the oscillation becomes unstable, i.e.,
either (i) the oscillation amplitude increases with
time (divergent oscillation), or (ii) the first maxi-
mum of C,(¢) exceeds the initial value C, o, even if
the oscillation amplitude decreases with time after
the first minimum. For values of a7 and ¢ at
which the above cases occur, the present model
cannot be used.

We have demonstrated that three different
forms of the time course of C (¢) (and C;(1))
appear, namely, a simple exponential-type mono-
tonic change without oscillation, stable damped
oscillation and unstable oscillation, depending on
the magnitudes of ar and ¢. Fig. 5 shows three
regions, I-11I, corresponding to the different time
courses. In region I, C (¢) and C,(¢) vary mono-
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Fig. 5. Three regions I-III, in which different types of time

course of C,(¢) and C;(¢) appear. I, monotonic exponential-

type change without oscillation; II, stable oscillation; III,

unstable oscillation. The boundary between I and II corre-

sponds to values of ar and ¢ satisfying ¥y =1/¢ (y defined by
eq.23).
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tonically, tending to their equilibrium value. In
region II, C (¢) and C;(¢) show convergent oscilla-
tion around their equilibrium values. Region III
corresponds to unstable oscillation. The
boundaries between the three regions have been
calculated from eq. 17. As shown later, the
boundary between regions I and II coincides with
v=1/e (v given in eq. 23).

When the values of ar and ¢ lie within region
II, C,(#) and C;(z) show stable oscillation. Let us
now consider the time instant at which C (#) and
C,(t) exhibit their extrema. Note that at the time
instant where C_(z) reaches its maximum (or
minimum), C,;(¢#) shows its minimum (or maxi-
mum). The position of the extrema is given by
setting dC,(1)/dt = — {¢/(1 - $)} dC,(1)/dt =
0. Differentiating eq. 17 with respect to 7, we
obtain

5 D ) E(=nr) =0,  (2)

1
ne=0 n!
where

y=a(l-¢)7exp(apr). (23)

The solution to eq. 22 gives the positions of the
extrema of C,(r) and C,(z). It is interesting to
note that the position of the extrema (scaled by
the delay time 7) may be determined by only one
parameter, y. Fig. 6 displays y as a function of ar
and ¢ in three-dimensional coordinates. Fig. 7
depicts the position of the extrema of C,(¢) and
C,(?) with respect to vy calculated via eq. 22. The
curve for the initial minimum of C_(#) (or the first
maximum of C,(¢)) has an asymptote y =1 /e and
no extrema occur for y <1/e. Hence only when
Y>1/e, do C,(t) and C,(#) exhibit oscillation.
From this it follows that the boundary between
regions I and II in fig. 5 is given by y=1/¢. In
the limit of large y, the position of the extrema
tends to t/r=n (n=1,2, ...). Simple analytic
expressions for the values of the time instants at
which C () and C,(¢) have their extrema can be
obtained provided they are located between =17
and t=27 or between r=27 and r=237 (no
extremum occurs between =0 and r=17). The
results are: '

12
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Fig. 6. y as a function of ar and ¢.

When 2~ v2 <y <1, G,(t) (or C;()) has its
first minimum (or maximum) at {=1¢ (2r<# <
37). '

For1<y<2+V2, C,(1) (or C,(¢)) has its first
minimum (or maximum) at 7 =¢, (1 <1, £271).

When y 2 2 +v2, C,(¢) (or C,(£)) has its first
minimum (or maximum) at {=¢, and its initial
maximum (or minimum) at 7 =1¢, (27 < t; < 37).

Here, 1, 1,, and ¢, are defined by

h=r[2+{1-@y-1"} ], (24)
L=7[1+1/v], (25)
=12+ {1+ 2y -1} ). (26)

The exact solution (eq. 17) for C,(¢) has differ-
ent forms according to the particular time do-
mains. We derive a simpler, approximate expres-
sion for C () when ¢ > r. If we assume C,(r) to
be in the form C,,[K exp( pt) + (1 — ¢)), where K
is a constant and p may be a complex number,
then p can be given by the poles of C_.(p) (eq.
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Fig. 7. Positions of maxima (¢,,,,) and minima (¢,;.) of C(¢)
and C;(¢) as functions of y. Solid curves, minima of C,(¢?)
(maxima of C;(t)); dashed curves, maxima of C,(f) (minima
of C;(2)). Dashed vertical line denotes the asymptote vy =1/e.

16) i.e., by the solution to the characteristic equa-
tion,

r+yexp(—r)=0 (27)
with
r=(p+ap)r (28)

which appears in the denominator of the first
equation of eq. 16. An equation similar to eq 27
has been considered by Frisch and Holme [7]. Let
us firstly deal with the case y <1/e. Here, C,(z)
and C,(¢) show an exponential-type change with
time. In accordance with this, we then seek real
roots of eq. 27, which has indeed a negative root
r=x for a given value of y. Matching the solu-
tions for 0 <t <t (eq. 19) and for t>T at t =,

one can determine the value of the constant K
with the result that

C,(1)/Cop=K; expl(x/1— ap)(t—¢)]
+1—9, t>r1, (29)

with
K, =exp(—apr) = (1 - ¢). (30)

Since x <0, C,(¢) given by eq. 29 decays mono-
tonically to the equilibrium value (1 —)C,,.
Consider next the case y > 1/e, where C (¢) and
C,(1) show oscillation. In this situation, eq. 27 has
many imaginary roots for a given value of v,
corresponding to oscillations. Substituting r = x +
iy (y > 0) into eq. 27 (when r is the solution to eq.
27, the conjugate value r* also satisfies eq. 27),
we obtain the following equations which are satis-
fied by x and y

Y=y/sin y-exp(—y/tan y), (31)
x= —y/tan y. (32)

Note that y represents the frequency of oscillation
and

T=2m7/y (33)

corresponds to the period of oscillation. It can be
shown that the smallest root y lies within the
range (0, w) together with a series of higher values
of y in the ranges (2=, 37), (4n, 57)... The exact
solution (eq. 17) contains all of the contributions
for every frequency y. However, the smallest y
(or, the longest period T') can be expected to
make a major contribution, since higher frequency
oscillations (or longer period oscillations) com-
plete their cycles within the delay time so that
they contribute less to the entire time course of
C,(#). On the basis of this idea, we derive an
approximate formula for C(¢) by retaining only
the smallest y and neglecting contributions from
higher frequencies. Matching C,(¢) and dC,(¢)/d¢
with those for 0 < ¢ <7, we obtain

C(£)/Cop=rxp[(x/7— ad)(t—7)]
X[ Ky cos{y/7 (t— 7))}
+K, sin{ y/r-(t=71)}]
+1—9, t>7, (34)
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Fig. 8. Values of the longest period T (= 2#r/y) and the
corresponding x values appearing in eq. 34 as functions of y
(> 1/e). The value of x in eq. 29 is also plotted vs. ¥ (<1/¢).

where K, is given by eq. 30 and
K,= —[xK, + apr(1-9)] /. (35)

Excellent agreement is obtained between the ap-
proximate results (eqs. 29 and 34) and the exact
results for small ar. In figs. 1-3, the approximate
and exact results agree within the linewidth. In fig.
4, the approximate results are denoted by dotted
lines. Deviation from the exact results increases as
ar increases, implying that contributions from
higher values of y are not negligible for large 7. In
fig. 8, the values of the longest period T and the
corresponding values of x are plotted as functions
of vy (>1/e) together with the values of x for
v < 1/e. In order for oscillation to be stable (or,
convergent), it is necessary that the real part of p
is negative. This 1s a necessary but not sufficient
condition for stable oscillation. That is, even if
Re p is negative, the first maximum of C,(¢) may
exceed C,, when ¢ <0.5 and ar is very large. In
accordance, above the boundary between regions
II and III in fig. S, there occurs a boundary
between the region for Re p > 0 and that for Re
p<0.

The prediction from the present model is of
oscillation around the final equilibrium level. On
the other hand, Ohara et al. [3] observed that, for
permeation of a number of drugs into microcap-
sules with composite membranes, the drug con-
centration outside the microcapsules shows
exponential-type decay modulated by sinusoidal
change. It is possible to obtain this type of time
course for the solution concentration in the
extracellular phase by assuming that there exist
sites in the intracellular phase that adsorb solutes
irreversibly. Then, eq. 13 is modified as follows:

dc&,ft) = —as[C(1) - Gi(r—1)] - BeG, (1),

(36)

where the second term on the right-hand side
corresponds to irreversible adsorption of solutes in
intracellular phases, 8 denoting a constant. An
example of results calculated via eq. 36 is given in
fig. 9, which shows that as «ar increases, oscilla-
tory behavior becomes appreciable whereas it dis-
appears for ar —» 0. Lee and Lee [10] have re-
cently, proposed a theory that differs completely
from ours, to explain the data of Ohara et al. [3].
Although further experimental analyses on the
system considered by Ohara et al. [3] would be
required for detailed comparison between the pre-
sent theory and that of Lee and Lee [10], which
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Fig. 9. Exponential-type decay modulated by sinusoidal change
of the solute concentration in the extracellular solution. Calcu-
lated using eq. 36 for ¢ = 0.2 and 8 = 0.5a. Curves: 1, ar =0;

2, ar=1;3, ar=1.5; ar =1.8.
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involve quite different parameters, we believe that
the time delay plays a particular role in oscillatory
permeation and overshoot.
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